Abstract. In part 1, the governing nonlinear dynamic equations of FGM sandwich doubly curved shallow shells reinforced by FGM stiffeners on elastic foundation subjected to mechanical and thermal loading are established based on the first order shear deformation theory (FSDT) with von Kármán -type nonlinearity and smeared stiffener technique. In the present part, the fourth-order Runge-Kutta method is applied to investigate influences of models of the shells, FGM stiffeners, thermal environment, elastic foundation, and geometrical parameters on the natural frequencies and dynamic nonlinear responses of stiffened FGM sandwich doubly curved shallow shells.
INTRODUCTION
Analytical expressions for determining natural frequencies, nonlinear frequencyamplitude relation, and time-deflection curves of stiffened FGM sandwich doubly curved shallow shells are obtained in Part 1 of the paper [1] . In the present part, influences of FGM stiffeners, models of the shells, thermal environment, foundation, and geometrical parameters on dynamic nonlinear responses of sandwich shells are numerically investigated.
Many different methods were applied to investigate nonlinear dynamic response of FGM plates and shells. By using finite element method Parandvar and Farid [2] studied vibration of FGM plate in thermal environment subjected to simultaneously static pressure and harmonic force. Pandey and Pradyumna [3] presented Newmark average acceleration method to consider vibration of FGM sandwich plates and shell panels subjected to rapid heating. Wang and Shen [4] and Bich et al. [5, 6] employed Runge-Kutta Table 1 . Comparison of fundamental frequencyω = ωa 2 /h ρ 0 /E 0 (E 0 = 1 Gpa and ρ 0 = 1 kg/m 3 ) of un-stiffened FGM square sandwich plate ((m, n) = (1, 1)) Theory k = 0 k = 0.5 k = 1 k = 5 k = 10 CLPT [7] 1.87359 1.54903 1.37521 1.05565 1.00524 FSDPT [7] 1.82442 1.51695 1.35072 1.04183 0.99256 TSDPT [7] 1.82445 1.51922 1.35333 1.04466 0.99551 SSDPT [7] 1.82452 CLPT: the classical plate theory, FSDPT: the first-order shear deformation plate theory, TSDPT: the third-order shear deformation plate theory, SSDPT: the sinusoidal shear deformation theory. Next, we have a comparison between the natural frequency of the FGM spherical panel reinforced (model 2A with h t = h b = 0 m) by homogenous stiffeners without elastic foundation obtained in [1] , and the results were calculated by Eq. (32) of [6] As seen in Tab. 2, for thin shell (a/h ≥ 50), we obtain a good agreement. However, for thicker shells (5 ≤ a/h < 50) the difference between two theories is considerable. Therefore, the FSDT may be necessary to obtain reasonably accurate solutions for a thicker shell.
Numerical results for FGM sandwich shallow shells
In this section, we consider perfect and imperfect FGM sandwich doubly curved shallow shells reinforced by FGM stiffeners on elastic foundation. The geometric and material properties of shell and stiffeners are
The shear correction coefficient is chosen to be K s = 5/6. The shells are composed from mixture of silicon nitride (Si 3 N 4 ) and stainless steel (SUS304) according to the sigmoid or power distribution laws. In the FGM layers, effective value of material properties Pr, such as Young's modulus E, thermal expansion coefficient α and the mass density ρ can be expressed as [8] Pr = P 0 P −1 T −1 + 1 + P 1 T + P 2 T 2 + P 3 T 3 , where T = T 0 + ∆T and T 0 = 300 K (room temperature), P 0 , P −1 , P 1 , P 2 , P 3 are the coefficients in which typical values (including Young's modulus E, thermal expansion coefficient α and mass density ρ) are adopted as in Reddy and Chin [9] . Poisson's ratio is assumed to be a constant and ν = 0.29.
Natural frequencies
A comparison between the natural frequencies of the shell calculated by the approximate Eq. (28) (assuming thatΦ x ,Φ y are ignored) and by the full Eq. (26) is shown in Tab. 3. It can see that there is a small difference between the natural frequencies calculated by these equations. Therefore, in order to simplify,Φ x andΦ y will be ignored in the remainder of numerical examples. Tab. 4 shows that the natural frequency of the FGM sandwich shell with model 2A is larger than natural frequency of normal FGM shell with the same thickness. Besides, the elastic foundations also have influences on the natural frequency of the shell. Specifically, natural frequency of the shell on Pasternak elastic foundation is the largest and that of the shell without elastic foundation is the smallest. From the results in this table we can also see that the temperature considerably decrease natural frequency of the shell. Results obtained from Tab. 5 point out that the shell reinforced by FGM stiffener has natural frequency larger than the shell reinforced by homogeneous stiffeners. The stiffener arrangement also influences to the natural frequency of the shell. With S-panel, both arrangements on x direction and y direction give the same natural frequency. However, using orthogonal stiffeners will give larger natural frequency. These predictions have important significances for stiffened shell manufacturing. Moreover, we can see that the volume fraction index k significantly influences to natural frequency of the shell. Specifically, with model 1B, the natural frequency of the shell remarkably decreases as k increases. Modeling Influence of ratio h t /h on the natural frequency of the shell in cases of temperature dependent (TD) and temperature independent material properties (T-ID) is investigated in Tab. 6. The results show that when ratio h t /h raises, natural frequencies of model 1A, 2A, and 2B increase while natural frequency of model 1B decreases. In the other hand, shell's natural frequency in T-ID case is larger than in TD case.
Frequency-amplitude curves
In this section, we consider a stiffened FGM sandwich shallow shell with h = a/40, h t /h = 0.5, h x = 0.02 m, d x = 0.005 m.
The frequency-amplitude curves of nonlinear free vibration and nonlinear forced vibration of the kinds of doubly curved shallow shells is shown in Fig. 1 . These frequencyamplitude curves of three types of shell are notably different. In which, extreme point of the frequency-amplitude curve is the smallest with S-panel and the largest with H-panel.
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The frequency-amplitude curves of nonlinear free vibration and nonlinear forced vibration of the kinds of doubly curved shallow shells is shown in Fig. 3 . These frequency-amplitude curves of three types of shell are notably different. In which, extreme point of the frequency -amplitude curve is the smallest with S-panel and the largest with H-panel. Fig . 4 investigates the effect of / aR ratio on the frequency-amplitude curve of the shallow spherical panel. As can be seen, when / aR ratio decreases or the curvature of the shell decreases, the extreme point of the frequency -amplitude curve increase. than in TD case.
The frequency-amplitude curves of nonlinear free vibration and nonlinear forced vibration of the kinds of doubly curved shallow shells is shown in Fig. 3 . These frequency-amplitude curves of three types of shell are notably different. In which, extreme point of the frequency -amplitude curve is the smallest with S-panel and the largest with H-panel. Fig . 4 investigates the effect of / aR ratio on the frequency-amplitude curve of the shallow spherical panel. As can be seen, when / aR ratio decreases or the curvature of the shell decreases, the extreme point of the frequency -amplitude curve increase. Fig . 2 investigates the effect of a/R ratio on the frequency-amplitude curve of the shallow spherical panel. As can be seen, when a/R ratio decreases or the curvature of the shell decreases, the extreme point of the frequency-amplitude curve increase.
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The frequency-amplitude curves of nonlinear free vibration and nonlinear forced vibration of the kinds of doubly curved shallow shells is shown in Fig. 3 . These frequency-amplitude curves of three types of shell are notably different. In which, extreme point of the frequency -amplitude curve is the smallest with S-panel and the largest with H-panel. Fig . 4 investigates the effect of / aR ratio on the frequency-amplitude curve of the shallow spherical panel. As can be seen, when / aR ratio decreases or the curvature of the shell decreases, the extreme point of the frequency -amplitude curve increase. 
Nonlinear dynamic response curves
To investigate the dynamic response curves, the geometric and material properties of FGM sandwich shallow shells and stiffeners are chosen as: Fig. 4 and Fig. 5 describe the influence of FGM stiffeners on nonlinear dynamic response curves in case of the shell under mechanical load and thermo-mechanical load. Obviously, in both cases, shell reinforced by FGM stiffener has deflection amplitude smaller than un-stiffened shell. Hence, besides increasing natural frequency of shells, FGM stiffeners also reduce the deflection of the shell when they are under external pressure and thermal loads. 2A (symmetric power law) . The extreme point of the frequencyamplitude curve in case of 1A is larger than in case of 2A. However, the deviation is not large.
To investigate the dynamic response curves, the geometric and material properties of FGM sandwich shallow shells and stiffeners are chosen as: Fig. 6 and Fig. 7 describe the influence of FGM stiffeners on nonlinear dynamic response curves in case of the shell under mechanical load and thermo-mechanical load. Obviously, in both cases, shell reinforced by FGM stiffener has deflection amplitude smaller than un-stiffened shell. Hence, besides increasing natural frequency of shells, FGM stiffeners also reduce the deflection of the shell when they are under external pressure and thermal loads. 
To investigate the dynamic response curves, the geometric and material properties of FGM sandwich shallow shells and stiffeners are chosen as: Fig. 6 and Fig. 7 describe the influence of FGM stiffeners on nonlinear dynamic response curves in case of the shell under mechanical load and thermo-mechanical load. Obviously, in both cases, shell reinforced by FGM stiffener has deflection amplitude smaller than un-stiffened shell. Hence, besides increasing natural frequency of shells, FGM stiffeners also reduce the deflection of the shell when they are under external pressure and thermal loads. Effect of the temperature on nonlinear dynamic response curve of S-Panel is investigated in Fig. 6 . Observably, when temperature increases, the amplitude of timedeflection curve increases. At the same time, in TD case, this amplitude is larger than in T-ID case. Besides, when the shell under thermal load, the deflection amplitude only has negative zone without positive zone as in case of shell under mechanical load. Fig. 7 and Fig. 8 compare nonlinear dynamic response of model 1A and model 2A in case of shell only under external pressure and in case of shell under both external pressure and thermal environment. If shell is only subjected to external pressure (FM boundary condition), the deflection amplitude of model 1A is larger than of model 2A. Fig. 8 . Observably, when temperature increases, the amplitude of time -deflection curve increases. At the same time, in TD case, this amplitude is larger than in T-ID case. Besides, when the shell under thermal load, the deflection amplitude only has negative zone without positive zone as in case of shell under mechanical load. Fig. 9 and Fig. 10 compare nonlinear dynamic response of model 1A and model 2A in case of shell only under external pressure and in case of shell under both external pressure and thermal environment. If shell is only subjected to external pressure (FM boundary condition), the deflection amplitude of model 1A is larger than of model 2A. However, with IM boundary condition and with effect of temperature, the reversed trend happens. Fig. 8 . Observably, when temperature increases, the amplitude of time -deflection curve increases. At the same time, in TD case, this amplitude is larger than in T-ID case. Besides, when the shell under thermal load, the deflection amplitude only has negative zone without positive zone as in case of shell under mechanical load. Fig. 9 and Fig. 10 compare nonlinear dynamic response of model 1A and model 2A in case of shell only under external pressure and in case of shell under both external pressure and thermal environment. If shell is only subjected to external pressure (FM boundary condition), the deflection amplitude of model 1A is larger than of model 2A. However, with IM boundary condition and with effect of temperature, the reversed trend happens. Nonlinear vibration of sandwich doubly curved shallow shells… 7 Effect of the temperature on nonlinear dynamic response curve of S-Panel is investigated in Fig. 8 However, with IM boundary condition and with effect of temperature, the reversed trend happens. Fig. 9 shows the effect of the initial imperfection size on dynamic response curve of the S-panel (model 1A). With positive deflection zone, the imperfection shell's deflection amplitude is smaller than perfect shell's. However, in the negative zone, the perfect shell's deflection amplitude is smaller. In addition, it can be seen that the dynamic response curve is very sensitive to the initial imperfection size.
The time-deflection curves of S-panel when the excitation frequency approaches the shell's natural frequency (as in Tab. 3) is shown in Fig. 10 . A similar phenomenon as harmonic beat phenomenon can be observed, in which, the amplitude of the harmonic beat quickly raises when the excitation frequency is near the natural frequency. Besides, under the influence of the damping, the harmonic beat phenomenon does not appear clearly after numbers of vibration periods as in Fig. 11 . than perfect shell's. However, in the negative zone, the perfect shell's deflection amplitude is smaller. In addition, it can be seen that the dynamic response curve is very sensitive to the initial imperfection size.
The time -deflection curves of S-panel when excitation frequency approaches shell's natural frequency (as in Tab. 3) is shown in Fig. 12 . A similar phenomenon as harmonic beat phenomenon can be observed. In which, the amplitude of the harmonic beat quickly raises when excitation frequency is near natural frequency. Besides, under the influence of the damping, the harmonic beat phenomenon does not appear clearly after numbers of vibration periods as in Fig. 13 . than perfect shell's. However, in the negative zone, the perfect shell's deflection amplitude is smaller. In addition, it can be seen that the dynamic response curve is very sensitive to the initial imperfection size.
The time -deflection curves of S-panel when excitation frequency approaches shell's natural frequency (as in Tab. 3) is shown in Fig. 12 . A similar phenomenon as harmonic beat phenomenon can be observed. In which, the amplitude of the harmonic beat quickly raises when excitation frequency is near natural frequency. Besides, under the influence of the damping, the harmonic beat phenomenon does not appear clearly after numbers of vibration periods as in Fig. 13 . In addition, it can be seen that the dynamic response curve is very sensitive to the initial imperfection size.
The time -deflection curves of S-panel when excitation frequency approaches shell's natural frequency (as in Tab. 3) is shown in Fig. 12 . A similar phenomenon as harmonic beat phenomenon can be observed. In which, the amplitude of the harmonic beat quickly raises when excitation frequency is near natural frequency. Besides, under the influence of the damping, the harmonic beat phenomenon does not appear clearly after numbers of vibration periods as in Fig. 13 . Fig. 12 . When the excitation frequency is far from the natural frequency, the curve becomes more turbulent and contains many cross lines as shown in Fig. 13. 
CONCLUSION
By using the analytical expressions and the governing equations in Part 1 and applying Runge-Kutta method, natural frequencies, nonlinear frequency-amplitude relation, and nonlinear dynamic response curves of sandwich shallow shells are investigated in this Part. From the present results, some conclusion can be deduced as follow: i). Structural models of sandwich shallow shell, FGM layer thickness, kinds of the shell, volume fraction index, elastic foundation, and damping have significant influence on the natural frequencies, the nonlinear frequency-amplitude relation, and the nonlinear dynamic response curve.
ii). For model 1B, shell reinforced by FGM stiffeners has natural frequency larger than the shell reinforced by homogeneous stiffeners.
iii). For model 2A, the natural frequency of the FGM sandwich shell is larger than natural frequency of normal FGM shell with the same thickness. iv). Temperature reduces the natural frequency and increases the deflection amplitude of the dynamic response curve of the sandwich shell. Besides, the shells have smaller natural frequency and larger deflection amplitude when the temperaturedependent material properties are taken into account. v). The sandwich shell with model of symmetric sigmoid law (Case 1A) has a larger natural frequency and smaller deflection amplitude than model of symmetric power law (Case 2A). The extreme point of the frequency-amplitude curve in case of symmetric sigmoid law is also larger than in case of symmetric power law.
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